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Abstract 
Water stored in large reservoirs can support various economic activities, such as electricity generation and agriculture, that need
to be efficiently coordinated. Such coordination is usually undertaken through optimization models that use hydro plants to 
minimize total electricity production cost subject to an array of prescribed constraints that ensure delivery of sufficient volumes 
of water to further sectors. In this context, we present a sub-optimal approach based on SDDP method to schedule power plants 
in a hydro-thermal system that presents non-convex irrigation constraints. We show applicability of this approach in the Chilean
Central Interconnected System (SIC), where we accurately model current prescribed rules that coordinate water uses between 
electricity and agriculture sectors. We demonstrate that the presented SDDP-based approach determines feasible and near-
optimal solutions with costs reasonably close to those optimally determined through alternative MILP formulation (that can 
properly capture non-convexity). We also found, however, that there may be issues associated with the levels of security of 
supply of the near-optimal solution since its stored water volumes tend to be lower than those associated with the optimum MILP
solution. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of SINTEF Energi AS. 
Keywords: SDDP; hydro power scheduling; multipurpose reservoir; irrigation constraints  
1. Introduction 
Reservoirs and dams –often the core infrastructure of water resources systems– have successfully managed 
availability of water (that is uncertain and with seasonal and inter-annual variability) for multiple purposes such as 
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hydropower generation, irrigation, industrial and municipal water uses, flood control, recreation and ecology [1]. 
Although these multiple purposes can clearly increase value of stored water, they need to be properly coordinated in 
order to resolve conflicting uses and benefit from potential synergies. Moreover, coordination is particularly 
important between the agricultural and energy sectors and in countries that suffer from a fragmented approach for 
water management, with different institutions and water management policies. Hence a more coordinated and cross-
sectorial approach are essential to provide efficient and reliable energy and water supplies [2], and this will require 
an integrated water resources planning [3] that needs to be carried out within a suitable legal and institutional 
framework to ensure efficient management of water infrastructures. 
1.1. Literature review and contribution 
Integrated management of multipurpose reservoirs has been widely addressed in the literature through both 
simulation and optimization approaches [4]-[10]. Simulation approaches attempt to reproduce as close as possible 
the actual performance of a system, allowing a more detailed description of the operation in a short-term horizon 
compared with optimization methods. Thus, simulation approaches can be very detailed but not effective to 
determine optimal policies, especially if the stochastic nature of water resources is significant. In [4] authors tackle 
the integrated water resource management through operating rule curves for multipurpose reservoirs considering 
ecological requirements. Operating rule curves are able to represent operation strategies in a visual fashion, and have 
been widely applied on reservoirs operation due to their easy implementation. Simulation approaches have also 
recognized water needed for ecological flow as discussed in [5].  
On the other hand, optimization models rely on mathematical (stochastic) programming and thus require 
simplifications of the water resources system. Stochastic Dual Dynamic Programming (SDDP) [8] is one of most 
renowned algorithms to solve large scale multi-reservoir and mid/long term operation problems in a stochastic 
environment. SDDP can, in principle, solve multi-stage decision problems where at each stage an optimization 
(sub)problem minimizes (i) the immediate cost Ct (i.e. cost at present) plus (ii) the expected future cost Ct+1. The 
expected future cost is approximated by various linear inequalities or “cuts” (also known as Benders’ cuts) that are 
iteratively determined through a cyclical optimization strategy. Clearly, approximation through Benders’ cuts can 
only work correctly when Ct+1 is a convex function and thus although SDDP method has been extended to deal with 
various problems associated with hydro scheduling (including multipurpose reservoirs [6]), convexity is necessary 
for SDDP to work properly and be able to find an optimal solution. Only a few studies have reported alternative 
strategies to deal with non-convex constraints in SDDP such as those in [9]-[12], but limited analysis has been 
provided to support the degree of applicability of those methodologies on real systems.  
Hence, in this paper we present an approach based on SDDP to efficiently schedule hydropower infrastructure 
subject to non-convex irrigation constraints under inflows uncertainty. Since SDDP requires convexity for each 
single stage subproblem, one of the purposes of this work is to asses if this decomposition approach is suitable and 
can be implemented with non-convex irrigation constraints. To do so, the particular case of the Laja lake in Chile is 
analyzed in detail to illustrate how current irrigation agreements (that need binary variables to be properly modeled) 
are integrated in optimization models to schedule hydro-thermal systems. To assess the quality of the SDDP-based 
solution, this is compared against that obtained from an alternative mixed integer linear programming (MILP) 
formulation (that can properly captures non-convexity), which constitutes the optimal, benchmark solution.  
We demonstrate that the presented SDDP-based approach determines feasible solutions with costs reasonably 
close to those optimally determined through alternative MILP formulation (that can properly capture non-convexity) 
and for this reason we call it a near-optimal approach. We also found, however, that there may be issues associated 
with the levels of security of supply of the near-optimal solution since its stored water volumes tend to be lower than 
those associated with the optimum MILP solution. We apply the presented near-optimal approach on both small-
scale system and large-scale Chilean system.  
The manuscript is structured as follows: Section 2 introduces the near-optimal SDDP-based approach along with 
illustrative results on a small-scale example. Section 3 presents the problem formulation for coordinating irrigation 
and electricity activities in Chile, whose results are presented in Section 4. Finally, Section 5 concludes and briefly 
presents our further work. 
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2. Modeling of reservoir operating rules  
Nomenclature 
ܣ௧ System matrix at stage t 
ܾ௧ Right hand side vector at stage t 
ܿ௧ Cost vector at stage t 
ܦ௧௟ Left hand side vector of the lth feasibility cut at stage t 
݀௧௟ Right hand side scalar of the lth feasibility cut at stage t 
ܧ௧
௝ Left hand side vector of the jth optimality cut at stage t 
݁௧
௝ Right hand side scalar of the jth optimality cut at stage t 
ܨ௧ Interstage matrix at stage t 
݄௧ǡ ෨݄௧ If-statement right hand side vector at stage t 
ܯ௧ǡܯ෩௧ If-statement matrix at stage t 
ܳ௧௜ Turbined outflow at stage t of ith hydro power plant 
ܳெ஺௑௜ Maximum turbined outflow of ith hydro power plant 
ܳிூ௅்௧ Filtration of the Laja reservoir at stage t 
̴்ܳா௟்௢௥௢௧ Total turbined outflow from El Toro power plant at stage t 
ܳௐ̴ோூீு்ௌ௧തതതതതതതതതതതതതത Maximum water withdrawal rights at stage t 
ܳ௧௢௧௔௟̴௅௔௝௔௧ Total withdrawal from Laja lake at stage t 
ܳூோோ̴ோாொ௧ Irrigation requirement for WUA at stage t 
ܳ௜௡௙௟௢௪௦௧ Total basin inflows at stage t 
ܴ௧ǡ ෨ܴ௧ If-statement interstage matrix at stage t 
ݐ Index for time decision stages 
ݑ௧ Binary decision variable for MILP representation of irrigation agreements at stage t 
ݒ௠௔௫ Maximum volume of reservoir 
ݒ௧ିଵ
௙௜௡௔௟ Volume of reservoir at stage t-1 (at the end –rather than the beginning– of the stage) 
ݔ௧ Decision variables vector at stage t 
ݔො௧ିଵ Vector of solutions at stage t-1 
ߠ௧ Lower bound of the future cost function at decision stage t 
ȳ If-statement conditional set  
2.1. Description of the SDDP-based approach 
Mechanisms to coordinate the multiple applications and uses of stored water are critical to operate multipurpose 
reservoirs. In principle, such coordination has to balance and co-optimize the value of different water uses in order 
to determine the most efficient portfolio of applications. In practice, however, usually one water application is 
optimized (e.g. electricity generation), while others (e.g. irrigation) are imposed as constraints which allows 
electricity system operator to optimally use stored water for electricity production and thus minimize the overall 
operating cost of the power system (usually through SDDP method), while at the same time deliver sufficient 
volumes of water to further uses (e.g. agriculture).  
Depending on the jurisdiction, optimizing electricity production while ensuring sufficient amount of water for 
irrigation may not be straightforward through SDDP method, given the complexities associated with criteria that 
coordinate electricity production and irrigation activities. In the case of Chile, for instance, delivery of water for 
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irrigation depends on the amount of water stored in a reservoir in a binary, non-convex manner. In fact, Chilean 
irrigation code divides total reservoir volume (i.e. reservoir capacity) in various ranges or “portions” and establishes 
a different set of rules for irrigation according to the level of water stored (if level of stored water is low –e.g. first 
portion– rules to deliver water for irrigation are different to those when level of stored water is higher). This is 
particularly problematic for SDDP method, which can optimally solve convex problems.  
In order to maintain the convexity of the optimization problem and thus apply SDDP method to solve it, we use 
the following approach. Following [7], consider stage t problem presented through equations (1)-(7). This problem 
delivers cuts to stage t-1 and state variables to stage t+1. The objective function, that minimize present and future 
costs, is presented in (1), while equations (2)-(4) denote the set of constraints for stage t, which are dependent on the 
state variables ݔො௧ିଵgiven by stage t-1. Eq. (5) and (6) are the set of feasibility cuts and the set of optimality cuts, 
respectively. The approximation discussed in this paper is shown through equations (3) and (4) which correspond to 
irrigation constraints: note that either (3) or (4) is applied at the time and this depends on value of ݔො௧ିଵ. Clearly, “If” 
statement associated with (3)-(4) is non-convex and thus incompatible with the use of SDDP method. Moreover, 
there is a risk that Benders cuts (added in the backwards mode) cut off part of the feasible searching space where the 
actual optimal solution may be located since all cuts are pooled at a given time (rather than kept separated 
depending on “if” state –alternative strategies that can be further investigated are presented in [14] –). 
min ሺܿ௧ሻ்ݔ௧ ൅ ߠ௧ (1)
s.t. ܣ௧ݔ௧ ൌ ܾ௧ െ ܨ௧ݔො௧ିଵ (2)
ܯ௧ݔ௧ ൌ ݄௧ െ ܴ௧ݔො௧ିଵ
ܯ෩௧ݔ௧ ൌ ෨݄௧ െ ෨ܴ௧ݔො௧ିଵ
if ݔො௧ିଵ א ߗ
if ݔො௧ିଵ ב ߗ
(3) 
(4) 
ܦ௧௟ݔ௧ ൒ ݀௧௟ ׊݈ (5)
ܧ௧
௝ݔ௧ ൅ ߠ௧ ൒ ݁௧
௝ ׊݆ (6)
ݔ௧ ൒ Ͳ (7)
Next, we will compare (based on a small-scale power system) solution from the above approach against that 
obtained from an alternative mixed integer linear programming (MILP) formulation (that can properly captures non-
convexity), which constitutes the optimal, benchmark solution.  
2.2. Small-scale system study  
In order to assess the impact of the presented SDDP-based approach, a small-scale hydro-thermal power system 
with one reservoir has been modeled on a horizon of four stages. A single busbar with two thermal generators, three 
hydro plants and a load profile composed by two demand blocks per stage, are considered. In this case, conditional 
constraints (8)-(9) limit the amount of water that ith hydro power plant can intake in stage t (ܳ௧௜ሻdepending on the 
reservoir level at the end of previous stage (ݒ௧ିଵ
௙௜௡௔௟). According to the near-optimal approach, either (8) or (9) will be 
applied at the time, depending on ݒ௧ିଵ
௙௜௡௔௟.
ܳ௧௜ ൑ ܳெ஺௑௜ ݂݅ ݒ௧ିଵ
௙௜௡௔௟ ൒ ௩
೘ೌೣ
ଶ
(8) 
ܳ௧௜ ൑
ொಾಲ೉
೔
ଶ
݂݅ ݒ௧ିଵ
௙௜௡௔௟ ൏ ௩
೘ೌೣ
ଶ
(9) 
On the other hand, the alternative, benchmark MILP problem is presented by equations (10)-(12), where ݑ௧ is the 
binary variable associated with the application of different irrigation requirements.  
ܳ௧௜ െ ሺͳ ൅ ݑ௧ሻ ή
ொಾಲ೉
೔
ଶ
൑ Ͳ (10) 
ݑ௧ ή
௩೘ೌೣ
ଶ
െ ݒ௧ିଵ
௙௜௡௔௟ ൑ Ͳ (11) 
ሺͳ ൅ ݑ௧ሻ ή
௩೘ೌೣ
ଶ
െ ݒ௧ିଵ
௙௜௡௔௟ ൐ Ͳ (12) 
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Power system operation associated with (8)-(9) and that of (10)-(12) are different in terms of total operating cost, 
which is presented in Fig.1(a) that shows costs of system operation when: (i) optimization problem considers only 
constraint (8) at all times, (ii) optimization problem only considers constraint (9) at all times, (iii) optimization 
problem is solved through the proposed SDDP-based approach (also called nested benders decomposition –NBD– in 
Fig.1), and (iv) benchmark MILP problem is solved (i.e. equations (10)-(12)). Fig. 1(a) also shows that costs of 
these solutions will change as a function of initial volume of stored water in the reservoir (i.e. initial stored water 
volume in stage 1) and that the cost of MILP solution is always smaller than the cost of SDDP-based solution. In 
these studies, 100 cases/scenarios were run separately in a deterministic fashion. 
We also found that the SDDP-based solution presents important impacts on security of supply. In particular, we 
found that this near-optimal approach systematically operates stored water levels below those determined by MILP 
method. Fig. 1 1(b) shows stored water volumes of SDDP-based solution and those obtained by MILP formulation 
(in average over all scenarios studied). We observe that the near-optimal approach tends to use larger amounts of 
water, which drives lesser stored water volumes in each stage compared with stored water levels associated with the 
optimal MILP solution. This demonstrates that although economic losses are limited to a maximum of 2% (in this 
case) in terms of total cost of operation, there are larger differences in terms of volumes of stored water (e.g. 
difference of about 30% in average at stage 1), which can lead to situations that may jeopardize security of supply 
(especially during droughts where lack of water can be exacerbated, and this needs to be further explored in order to 
understand causes of situations such as those reported in [13]). 
Fig. 1. Numerical results of small-scale system: (a) Comparison of total costs of operation among different solution approaches, and (b) Stored 
water volumes of the near-optimal solution and the optimal MILP solution (average over 100 cases/scenarios). 
Although the above SDDP-based approach clearly corresponds to an approximation, we will see next that it 
permits optimization of very large problems associated with country-size systems in an SDDP fashion, which cannot 
be undertaken through direct solution of MILP problem (due to its extremely large size). The above approach also 
allows us to find a feasible solution –critical for practical implementation– that cannot be found through relaxations 
(i.e. the solution obtained through presented SDDP-based approach is a feasible –but not optimal– solution of MILP 
problem).  
These results suggest that there is a small approximation error associated with our approach; however, this can 
change on practical grounds depending on a number of factors that may impact on how severe problem’s non-
convexity is. In the Chilean electricity system (presented next), we have observed that effect of non-convexity is 
mild in terms of system costs, albeit it presents a potentially important impact on hydro plants operation (similarly to 
what has been observed in the small-scale system). 
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3. Laja lake policy for multipurpose use of stored water 
3.1. Background 
The inter-sectorial agreement or code for Laja lake multipurpose use of stored water was subscribed in 1958 by 
the Directorate of Hydraulic Works (DOH) and the state owned Generation Company ENDESA –before 
liberalization of the market– in order to establish a policy for the use of water stored in Laja lake. This code 
regulates delivery of water for both electricity generation of El Toro power plant (450 MW) and agricultural uses 
associated with several water user associations (WUA), which are located throughout the river basin where other 
hydro power plants can be found, downstream the Laja Lake and El Toro power plant. With a maximum capacity of 
5585 hm3, Laja lake is able to provide effective storage of water for several years.  
3.2. Code specific rules 
The specific Laja lake code is complex and contains a large set of rules for coordinating use of water in irrigation 
and electricity generation through different time scales (day, months and years) and different water levels of the lake 
(so-called portions). In this paper we will described a few rules, mainly to illustrate effects of different portions of 
the lake where the approach described in Section 2 is relevant. 
Hence we will consider that the code dictates that (in each month) the WUA of the Laja basin have the right to 
use certain volumes of water (or water rights)  –for the sake of simplicity, presented in terms of equivalent average 
flow in m3/s–, which depend on the level of stored water (or portions) in the Laja lake. According to Table 1 1, Laja 
lake is divided in three levels or portions –superior, intermediate and reserve– which dictate the water volume 
allocated to WUA (essentially the allocated water volume decreases as the level of stored water does so too in order 
to prevent a collapse of water resources). In Table 1 1, we show two parameters  ܳூோோ̴ோாொ௧and ܳௐ̴ோூீு்ௌ௧
തതതതതതതതതതതതതത that 
constrain the amount of water to be delivered to both irrigation and electricity generation depending on portions 
(this will be further explained in Section 3.3).  
Table 1. Parameters (per portion) that constrain the amount of water to be delivered to both irrigation and electricity generation (in terms of 
equivalent average flow in m3/s) – Laja lake. 
Reserve Intermediate Superior 
If stored water is 
431 - 931 hm3 
If stored water is 
931 - 1431 hm3 
If stored water is 
1431 - 5585 hm3 
ܳூோோ̴ோாொ௧ [m
3/s] 90 133 143 
ܳௐ̴ோூீு்ௌ௧തതതതതതതതതതതതതത [m
3/s] 47 67 67 
The irrigation volume ܳூோோ̴ோாொ௧ presented in Table 1 is accommodated across a year according to profile shown 
in Fig. 2 2, where summer period (in the southern hemisphere during December and January) is used as a reference. 

Fig. 2: Irrigation volumes (in terms of equivalent average flow in m3/s) for WUA as a function of Laja lake portion and month of the year. 
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3.3. Laja lake code modeling 
As described in Section 2.1, before solving the particular optimization for stage t, the requirements for irrigation 
are computed depending on the value of the final volume of the Laja lake from previous stage t-1 and the particular 
month of the year (see Fig. 2 2). This is undertaken in every iteration of the SDDP algorithm. 
Equations (13)-(15) illustrate this process where, firstly, the total water volume withdrawal –filtration and 
turbined flows associated with electricity production– is constrained according to (13). Then, upper and lower 
bounds for total water withdrawal, equations (14)-(15), are written by using information shown in Table 1 1. Both 
bounds in (14) and (15) are calculated in every iteration of the SDDP algorithm and on every decision stage as a 
function of the final stored water volume of previous stage. 
ܳ௧௢௧௔௟̴௅௔௝௔௧ ൌ ܳிூ௅்௧ ൅ ̴்ܳா௟்௢௥௢௧ (13) 
ܳ௧௢௧௔௟̴௅௔௝௔௧ ൑ ܳௐ̴ோூீு்ௌ௧
തതതതതതതതതതതതതത൫ݒ௧ିଵ
௙௜௡௔௟൯ (14) 
ܳ௧௢௧௔௟̴௅௔௝௔௧ ൒ ܳூோோ̴ோாொ௧൫ݒ௧ିଵ
௙௜௡௔௟൯ െ ܳ௜௡௙௟௢௪௦௧ (15) 
4. Chilean large-scale study 
In this section, we present the results obtained with the SDDP-based optimization approach and the Laja lake 
irrigation code modeling, on a representation of the Chilean Central Interconnected System (SIC). The test case 
comprises 9 reservoirs, 161 thermal power plants and 4 cascades of 98 hydro power units. In this test case, we 
consider a 21-month planning horizon with monthly stages. The uncertainty considered in this problem is only 
associated with water inflows. 
The resulting operating policy of the Laja lake for a particular scenario is shown in Fig. 3 3(a) where we can 
observe that the level of the lake fluctuates across different portions. Fig. 3 3(b) shows the volumes of water 
associated with filtration of the lake plus the turbined flow from El Toro, illustrating that constraint (14) is met. 
Fig. 3: (a) Initial volume of Laja lake at each monthly stage, and bounds of lake portions. (b) Maximum water withdrawal rights, filtration and 
El Toro turbined water flows. 
Considering the operating policy of the lake presented in Fig. 3 3(a), the corresponding maximum volume for 
irrigation are shown in Fig. 4 4(a) and the operating policy of the El Toro plant is shown in Fig. 4 4(b). In this case, 
we observe that the total basin inflow decreases during the summer season –December to March in the southern 
hemisphere– where irrigation needs to reach its maximum values. Hence the code mandates El Toro power plant to 
complete the remaining part through power production.  
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Fig. 4: (a) Resulting irrigation requirements depending of Laja lake operating policy. (b) Example of lower bound fulfilment according to the 
code. 
5. Conclusions and further work 
This paper presents an SDDP-based approach to solve hydro scheduling problems with non-convex irrigation 
constraints. Application of this approach is illustrated on a large-scale, real representation of the Chilean power 
system to model the Laja lake irrigation code subscribed in 1958. In this context, we demonstrated that although the 
presented SDDP-based approach corresponds to an approximation, it permits optimization of very large problems 
associated with country-size systems in an SDDP fashion, which cannot be undertaken through direct solution of an 
alternative MILP problem (due to its extremely large size) that can, in principle, solve the problem properly 
capturing its non-convexity. The presented near-optimal SDDP-based approach also allows us to find a feasible 
solution of the problem that is critical for practical implementation and this presents clear benefits with respect to 
alternative SDDP formulations that relax non-convex irrigation constraints. We also demonstrated, on a theoretical 
simplified small-scale study, that the presented approach determines feasible and near-optimal solutions with costs 
reasonably close to those optimally determined through alternative MILP formulation (that can properly capture 
non-convexity). We also found, however, that there may be issues associated with the levels of security of supply of 
the near-optimal solution since its stored water volumes tend to be lower than those associated with the optimum 
MILP solution. 
We are currently working on alternative SDDP formulations, especially in terms of how to determine Benders’ 
cuts, to improve quality of the presented near-optimal approach. We are also analyzing how severe/mild the non-
convexity behavior of a problem can be, as a function of power system characteristics, in order for sub-optimal 
methods to deliver reasonably good solutions. 
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